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ABSTRACT

One of the important homology [cohomology] theorics, based on systems of covering
of the space, is the homology [cohomology] theory of relations defined by C.H. Dowker [8). In
the present work, by using the idea of X -homology and K -cobomology groups [11,[5], differcnt
varictics of the Dowker’s theory are introduced and studied. These constructions are defined on the
category of pairs of topological spaces and over a pair of cocfficient groups,
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0. INTRODUCTION

One of the widespread cohomology theories applicable in sufficiently wide categories
of topological spaces is the Alexandrov-Cech theory [6]1,[71,(9]. Some other theories are equiva-
lent to Alexandrov-Cech theory as Alexander-Spanier theory (2],{12],[13] and the Vietoris theory
[31,[14]. The Alexandrov-Cech homology theory on the category of topological spaces satisfies all
axioms of the homology theory except one; namcly, the exactness axiom. The lack of this axiomn
partially explains why advantageous use has been made of the cobomology groups in whole series

of problems.

Any relation between the elements of a set X and the elements of a set Y is associated
with two simplicial complexes M and L. A simplex of M (of L) is a finite set of element of X
(of Y') related to a common element of Y (of X). In particular, the relation of being an element
of a set of a covering is a relation between the points of a space and the sets of the coverings
of the space. One of the complexes associated with this relation is the nerve of the covering, its
K-homology and K -cohomology groups are used in the present work to define the Alexandrov-
Cech K -homology and K -cohomology groups of the space. The otber associated complex is the
Vietoris complex, which has points of the space as its vertices, is used in defining the Vietaris
K-homology and Alexander K -cohomology groups. It is proved that the nerve and the Vietoris
complexes of any covering of the space have isomorphic K -homology and X-cohomology groups.
Therefore, the Alexandrov-Cech K-homology [K -cohomology) and the Vietaries X -homology
[Alexander K -cohomology] constructions of relations are isomorphic. Moreover, we show that
the Alexandrov-Cech K -cohomology construction of relations, based on the system of all locally-
finite open coverings, is a contravariant §-functor {9].

L K-HOMOLOGY AND K-COHOMOLOGY GROUPS OF RELATION
In this article some varieties of K-homology and K -cohomology groups are introduced.

Let X be a locally-finite simplicial complex, p a non-negative integer, and (G, G') a
pair of commutative groups. Denote by Q the category of the pairs of topological spaces and their
continuous maps. Consider that 2( X, A) is the directed set, under the refinement relation {9],
of all locally-finite open coverings o = (an,an) of (X, A) € Q. Let La = (La,,Lgy) and
My = (M, , My,) be the nerve and the Vietoris pair of a, respectively [4],[8). Note that L, isa
locally-finite complex but it is not necessary that A, ta be so.

Consider the group Cp( Lo, )] C*( Lo, )] of the p-dimensional K -chains [X -cochains] of
La, over (G, G), ie. an element z,[zP] of Cp(La,) [CP(L4,)] is a collection {z,}[{z"}] of
(p + dr)-dimensional chains z, [cochains £7) of L,, over G such that the coefficients of z,[z7]
belong to ' for almost all simplexes ¥ € K, where dr denotes the dimension dim 7. Denote
by Cp( La}[ CP( La}] the group of the p-dimensional X -chains [ K -cochains] of the pair L, over
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(G, 6G"), [9]. The boundary and coboundary maps:
8:Cp(La) =+ Cp1(Ly) and §:CP(La) — C™*'(La)

are defined by
(32p); = Oz, + (~1)"*¥ 25, and

(sxy)r =5z + (_l)m—dﬂlzﬁf ,

where

Tpr = Y (7,024, 27 = EK[p,'r] ,
P

ock
[r,o] denotes incidence number, dim o =« dimr — 1, and dim p = dim r + 1, [1]]5). The
K-homology [ K -cohomology) group Hp{ L) [ HP(L4}] of L, over (G, G') is the homology [co-
homology) group of the chain [cochain) complex {Cp( La), 8} {CP(La), 8}1.

In order to define the K-homology and K -cohomology groups of the pair M., consider
the direct sysiem {Maa = ( Maya, Mas). A(a)} under the inclusion relation, where M, denotes
an arbitrary star-finite subpair of M,, and a < bin A () if there is an inclusion pJ : Mag C M.
The K -homology [ K -cohomology] group of M, aver (7, G") is the direct [inverse] limit group;

Hy(M,) = 22 H( Mad), £5.)

[HM(M,) = & {H (M), 65 .

Leta < Bin (X, A). The projection on (X, A) isthe relation map v : (X, A, B, B1,6,6) —
(X, A, o,02,&,€) which is the identity on X and maps each ¢ € 5; 10 an element v € oy
for which 4 C v and such that whenever u € 8, v € g, [8]. This map defines contiguous
simplicial maps #ga : Lg — Lo and %y : Ms — Ma. Then the induced homomorphisms
Tpae : Hp(Lp) — Hp(L,) and gy, ¢ Hy(Mp) — Hy(M,) arc uniquely defined. Denote by
Sp( X, A) and SY(X,A) the inverse spectrums {Hy(La), Mpae} and { Hp( M,), %igas }, Tespec-
tively. Similarly, we define the direct spectrums SP( X, A) = {HP(La), 755} and SFY(X, 4) =
{HP(Ma), Top}.

Definition 1.1 The inverse limit groups

Hy(X,A:6,G, Q) = 5,(X, A) snd By X, 4 G, G, 2) = ¥ S§(X, A) are called
p-the dimensional Alexandrov-Cech K-homology group and Vietories X -group of relations of { X, A)
over (G, ) respectively. The dircct limit groups

HP(X, A:G,60) ="38P(X, A) and

Brx A G,0h0Q) = = SFY (X, A) are called the p-dimensional Alexandrov-Cech K -cohomo-
logy group and Alexander X -cohomology group of relations of (X, A) over (G, G") respectively.
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Incase A = ¢ or X = A we obtain the commesponding groups for the space X or A. It
can be proved the following result.

Theorem 1.1 If X consists of one vertex and G* = G then the Alexandrov-Cech K - homology
[K -cohomology] and the Vietoris K - homology [Alexander K- cohomology] groups are isomorphic
to the Alexandrov-Cech homology [cohomology] and the Vietoris homology [Alexander cohomology]

groups, respectively,

2, INDUCED HOMOMORPHISMS, BOUNDARY AND COBOUNDARY
OPERATORS

The induced homomorphisms for the homology and cohomology groups given in Defi-
nition 1.1 are defined as follows: Let f : (X, A) — (¥, B) be in the category Q. Comresponding
to f there is at least one relation map f : (X, 4 0},0},£,£) — (¥, Bi 01,025 €, £), [8]. Consider
that fyo : Lo — Lg and fre : My — M, are the associated simplicial maps of f. Also f
defines the function ¢y : (Y, B) — (X, A) by: ¢4(0) = o' = £~'(0). The map ¢; and the
homomorphisms fygsl foroe) form amap ®(f) : Sp(X, A) — Sp(¥, B)[D(S) : SY(X,A) -
SY(¥,8)), [9]. Analogously, the maps ¥ (f) : S(Y, B) — SP(X, A¥(H : V(Y. B) -
SP( X, A)] are defined.

Definition 2.1 The limit homomorphisms of the maps & ), ¢( £), ¥ ( /) and ¥ { /) are called
f. the induced, by homomorphisms. They are denoted by f., f., f* and f* respectively.

The K-homology and cohomology groups, defined above, of (X, A), X and A are de-
fined as limits of suitable spectrums of groups defined over the directed sets £2( X, 4), 2(X)
and ©2(A) respectively. In order to define the boundary and coboundary operators and discuss
the exactness, it will be convenient to have equivalent definitions in which all these spectrums are
defined over the same directed set. It appears that the directed set Q( X, A) is most suitable for
this purpose.

For each a € {1( X, A) the short exact sequence

0 = Cp( Lay) =+ Cp( L) 22+ Cp(La) — 0. (2.1
of chain complexes, defines the exact sequence, [10]:

Taero = Hy(Lm) 22 Hp(Low) 22 Hy(La) 25 Hy 1 (L) — ...

where 8, denotes the connected homomorphism of the sequence (2.1), [11]. Ty is called K-
homology sequence of L, over (G,G"). Similarly, the K-cohomology sequence T of L, and
K-homology[ X -cohomology] sequence TV [T] of M, over (G, G') are defined. If o < 8, then
the projection m on (X, A) defines the simplicial maps wg,, #go. Which in tern, induce the homo-
morphsims Mgy : Tp — T, Tag : T = T#, [Uge : TY — T¥ and Flag : 7§ — T4,
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Definition 2.2 The limit sequence of the inverse spectrum {T%,, Mg H{TY , Mga }:

e = H A G, G i"ffﬂ(a‘f;Cv',fr")(x.zl) AFI,(X,A;G',G’;Q) L, By 1 (4G Yxy — -

Lo B A G, ix D By (X G, Py 5 By X, 4G, G50 & By (46, Gz = - )

is called the Alexandrov-Cech [ Vietoris] adjusted K -homology sequence of ( X, A). The Alexandrov-
Cech [Alexander] adjusted K -cohomology sequence of (X, A):

-t ,,(XsA_L:IG. G LB X6, Cxn S B4 G xS BN X, 4:6,65Q) — ..

[.HfX,A:G,CQ) nEx; G, G x> B (46, C'xxm 2 BP (X, 4G, G Q) — -
is the limit sequence of the direct spectrum {7, Maa} {78, Naa}l.

The next result gives & comparison between the groups with the subscript ( X, A) with
the groups without this subscript.

Lemma 2.1 ‘There are isomorphisms:

H(A4:6,G:0) ~ B(A:G,Cxxn, B X:G,G:0) ~ Hy(X: C,CHxn

HY(A G, Gz~ HP(A:G,CHQ) and HP(X:G,G')xn =~ BYX;6,6'):0) .

Proof Define the maps § : Q(X,4) — R(4) and ¢ : Q(X,4) — Q(X) by: if
a€Q(X, Ay and o = az N A, then 8, = o/ and pa = ay. Since Ly, = Lyy a0d Ly = Lgq. the
maps @ and y and the appropriate identity maps of the X -homology groups yicld maps of inverse
specttums: @ 2 S(A) — {H(La), g e (X, A} and ¥ : Sp(X) — {Hp(Lay) g0z
Q(X,A)} whereS,(A) and Sp( X) are defined over £2( A) and 2{ X)), respectively. The limits
of & and ¥ are B : HP(A;G,G: Q) — B4 G, Gl and ¥ : Ho(X:G,G;0) —
Hy(X; G,G")x_4- For cohomology, & and W are maps of direct spectrums; their Jimit are §
HY(A:G,G')xn — HMA:G,G,Q) end ¥ : H¥(X:G,CXxp — B X;6,6:0). In
order to prove that the homomorphsims 8, Y, 8 and ¢* are isomorphisms it suffices o mention
that the image of @ is a cofinal subset of £2 ( A) and that the image of ¥ is & cofinal subsct of 2 ( X),
[9]. Similarly, we have isomorphisms @, : Hp(A4: G, G Q) — Bp(A4: G, Cxxa, Yoo !
H(X:3,64Q) = ByX;:G,C)xm, ™ : B(A.G,GCxxp — H(AG,G,Q) and
9% : AP X; G,GNx .4 ~ HY(X: G, C; ) which prove the lemma.

Definition 2.3 The boundary operators

Ba i Hy( X, A; G, G0 — B, 1(A:G,G50),8.: H(X,A4:G,G:0) - H, 1(A:G,G:Q)

and the coboundary operators

8 HMAG G 0) - BPY(X, A0, G 0) and 30 BN X, A: G, Q) - HPY(4;6,6: Q)
5

are defined bz:
8,208 8.5 (do)'¥, 5" = 8'(8°) L and ' = §(§™) !,
respectively,

Now, we have the triples of functions K, = {H,, £.,8.}, 8. = {#,, £.8.}, B* =
{HP, §*,6*) and B* = {f?, f* 5%} where H,, H,[ H?, B?) denote the Alexandrov-Cech, Vi-
etoris homology [Alexandrov-Cech, Alexander cohomology] groups which are defined for every
object (X, A) of the category Q, and for each non-negative integer p, the functions f,, f., f*, 7
are the induced homomorphisms by a continwous map f : (X, A) — (¥, B) of the category @,
and ,, 9,[ 6*,8*] are the boundary [coboundary} homomorphisms.

Definition 2.4 The Alexandrov-Cech, Vietoris [Alexandrov-Cech, Alexander] K -homology
[K - cohomology] constructions of relations are the triples H., A,[ #*, B*).

3 ISOMORPHISMS

This article is devoted to study the relation between the homology constructions . 8.
and also between the cohomology constructions 7, 7*.

Assume that the vertices of L, are ordered so that the vertices of any simplex of L, have
a simple order. Let L], = (L, , L,,) be the barycentric subdivision of Ly, (13),and 8, : L, — L,
the simpticial map which maps each vertex of L., that is simplex of Ly, , to its first veriex in the
given order [8].

L.emma 3.1 The maps 8.+ and @2, arc isomorphisms.

Proof It is known that any simplicial complex and its barycentric subdivision have the same
homology and cohomology groups, [10]. Hence L, and L/, have the same K-homoiogy and K-
cohomology groups. Define ¢, : L, — M, as follows: if ¢/ is a vertex of L, , choose ¥y’ € X
50 that Y,y € y foreach y € ¢ and so that, if ¢/ isa vertex of L, , ¥y’ € Aand at/ € ¢
for each y € ¢ [8]). The map ¢, is a simplicial map, and the homomorphisms ¢¥,. and ¢ are
uniquely determined. One can show that the maps w, = Youfisl: Hp(Ls) — Hp( M,) and
fa = 027192 : HP(M,) — HP(L,) are isomorphisms, [8).

Lemma 32 {5 € Q(X,4), «a € Q(Y,B) and €aa : Lg — Lu sa : Mp — Ma
are the associated simplicial maps of the map of relations £ : (X, A, 5, B2,€,6) — (¥, B, ,a2,€,8),
then Egq * wp = Walge 30d Naos = (LM

Proof Let £, : Ly — LY, bea simplicial map induced by £aq. Then the maps €a¥is, Yoljas
£5a8p and Bs. 5, are contiguous, [8). Hence Eaau¥ipe = Yanlgy, 80d Boully,, = Esondye. There-
fore, Eggatvg = Walgas. Similarly, qpf;pq,, = {opthe Lotwe, = (¢,|L:n).(ﬂ..]L:n):l. oy =
(ﬂaIL:“)‘_l(ﬂl.IL{n)'- Thus aawu = Wy 3, and ﬂasa = BTy, Where dal au]: salsal are the
connected homomorphisms, [11].
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Theorem 3.1 There are natural isomorphisms:

H(X,A:G,C: Q) ~ Hy(X,A4G,G: Q) and B(X,4G,G:Q) = KX, 46,6:0).

Proof According 1o Lemma 3.2 the identity map on £2( X, A) and the isomorphisms {w,}
formamap) : 5,(X,A4) — S,‘,’(X.A). Tt is easy to show that the limit homomorphism X, of X is
an isomorphism, [9). In view of Lemma (3.2), w, commutes with fue. and we have d,w, = Wy, O
These commutativities prove the narurality of ). For cohomology the proof is analogous.

Thus we have the following main result,
Theorem32  On the category Q the Alexandrov-Cech - homology [ K -cohomology] con-
struction of relations /7,1 77*] and the Victoris K -homology {Alexander K - cohomology] constrc-

tion of relations A.[ 1] and the Vietoris K -homology [Alexander K- cohomology] construction of
relations H.[ H°] are isomorphic.

4. AXIOMATIC CHARACTERIZATION

In the present article the Alexandrov-Cech K-homology[ K -cohomology] construction
H.i B*) is considered from the point of view of the axioms of Eilenberg-Streenrod for the homol-
ogy and cohomology theories [9].

It is not difficult 10 show that the construction H,[ 5] is a covariant [contravariani]
functor from the category Q to the category ¢ of commuiative groups and their homomorphisms.

Lemmadl Lot f:(X,A) - (Y,B)beinQand f/A : A — B be is restriction, then
A fu = (flA)D. and F£5*( flA)".

Proof The formula for homology is an immediate consequence of the commutativity relations
in the diagram

BX,4:6,6:0) 4 B iAG G 4 Hoi(AG,G:0)
£l L(flA) LA, 4D
BV, B:G,650) L B (8:G:6,Chs 4 Hoa(BiG.GiQ)

where ( flA), and { f].A)! are defined as the appropriate limit maps. The commutativity of the
right square of diagram (4.1) follows from the definitions of ... { flA). and ( f]A).. Consider
that o € Q(Y, B) and By = of € 2(X, A). The naturality of the connected homomorphisms
implies that

(Ao O = O frar -

On considering the idea of limit of inverse systems the commutativity of the left square of diagram
(4.1) is obtained. The proof for cohomology is similar.
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Theorem 4.1 The K- homology [ K- cohomology] sequence of (X, A) € Q over a pair of co-
efficient groups (G.G") is isomorphic with the adjusted X - homology [ K - cohomology] sequence.

Proof We shall only camry out the proof for homology, the proof for cohomology is quite
similar. In view of Lemma (2.1) we need only to verify commutativity relations in the diagram

naasa) 5 puxeca
8. / N
B (X AG,2:0) 18 1 Yoo B xAGL0)
N8 /S

BAAGT X x0 LY B x:600)
Commutativity in the left—hand triangle is a direct consequence of the definition of 8,. In view of
{9} {Chapter VIIL, 3.18) one can show that 1,8.0ie = Yoole AN fi¥oo = Ju

Corollary 4.1 I (C, 4) € Q. then the K- homology [ K- cohomology] sequence of (X, A)
is semiexact [exact],

Proof According to theorem (4.1) the exactness of the K -bomology and K -cohomology
gequences is replaced by the exactness of the adjusted sequences. The adjusted sequences arc
however limits of spectrums of exact sequences defined over Q(X, A). Thus the proof of this
corollary is a consequence of [9].

Combining Lemma (4.1) and Corollary (4.1) yields the following main result.

Theorem4.2  The Alexandrov-Cech cohomology construction of relations J* is a contravari-
ant §-functor on the category Q.
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