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1. INTRODUCTION

Gravitation is the oldest of the fundamental interactions known to us.
It finds an extracrdinarily beautiful and simple formulation in Einstein's
General Relativity, which embodies the equivalence principle by requiring
the invariance of the theory under general reparametrization of the coordinates
x L~ w!h < %’}‘(q. Experiments confirm the predictions of the classical
theory in, the macroscopic,large distance, domain.

The recent developments in the description of the fundamental interactions,
from gauge theories and spontanecus symmetry breaking to grand unification, have
refocused our attention on gravitation as a guantum field theory and on its
eventual influences on particle physics.

Quantum effects are expected to become important for very high energies,
of the order of the Planck mass Mep_= (Gu)‘lb' u A0 GeV
corresponding to distances L—'(‘\'T\ G )‘“‘ ~ 40‘33 Cha . The dimensional
quantity setting the scale of these effects is Newton's constant C;nqwhich,
at the same time determines the strength of the macroscepic gravitaticnal
phencmena. Unfortunately, such a dimensiocnal character of the gravitational
coup&ing constant makes the resulting theory non renormalizable, namely,
higher terms of the conventicnal perturbation expansion exhibit worse and
worse asymptotic behaviour at small distances.

Thus we have to face the problem that a satisfactory understanding of
gravity is still lacking at the guantum level, inspite of its certainly
unique properties of invariance(l).

Several interesting avenues towards a possible solution have been
discussed (some of them in this session) which go from considering gravitation
as a spontaneously or dynamically broken theory(z)to the more extreme attempt
of a composite model{a). I shall illustrate our proposal(4) which is, in a
way, more conservative and tries to exploit fully what a rich theory such as

General Relativity, can do for us.
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2. CONSIDERATIONS ON DIMENSIONALITY

Let us begin by noticing that the fundamental constant G“is introduced
in the th.eory in a rather phenomenological way,nemely, after all, in order to
match the dimensions of the minimal Einstein-Hilbert gravitaticnal action,

where %’}“" (x) is assumed to be dimensionless. One has

gd*xJT{’R : (1)

Ag =~
& \enGu
In fact the presence of a dimensional parameter is surprising. Indeed

due to its general symmetry properties, the action AE is in particular

invariant under coordinate dilatations, x'M . gx b and we are accustomed

to associate scale invariant field thecries with the absence of any dimensicnal

constant. A familiar example is represented by Yang-ills theories which are
invariant under scale transformations in the limit of vanishing masses for
all matter fields.

The peoint presumably lies in the fact that for the particle physicist
General Relativity has to be considered as the reparametrization invariant
field theory of a massless, spin two particle, the graviton. The gecmetrical
asrfect { '%H\J {x) as the space-time metric tensor), even if highly suggestive
at the classical level, is not essential and 3-)4\-' {x) has finally
to be treated as a (quantum) field{5 . In particular, a closer look at
the general transformation properties of the fields suggest that the scale
dimension (we may refer to it as "group thecretical”} to be assigned to %}«‘u
is actually - 2 {in units of length}. More precigely, one is led to ascribe

the follewing values to the scale dimension of various field guantities:

Tpv %’Pv, \!“_'i A=-2,2,-4

‘-Rf*\)) Q = 3_}""’&)‘\\) ' A 7_--1' O (2)
Ar\) 4’1"\' ) N=Q0

where A)‘\' L‘)l \_‘; are vector, scalar and spinor fields respectively.

The argument is as follows: given the general coordinate reparametrization

xH x"“-.?"‘u)r_: Xxh+ g P x) (A.1)

NV Wy
we recall that the corresponding infinitesimal variation of a tensor t}-u S
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et us now consider the special case of a scale transformation
gEHlxy =—ex P . {A.3)

From €q. (A.2) one obtains immediately

Wi NV t\u---\‘u (A.4)
St}“m)ﬂ* z ‘i(x-’a-g) Fac i )

where A =N"—M is the difference between the number of controvariant
and covariant components respectively. Given the form of eq. (A.4) it seems
natural to assert that the tensor tv‘:: has dimensionality
A . Consequently we find the valué;‘of‘ dimensionality listed in eg. (2).
In order to avoid any cenfusion, it is important to mention that the
above dilatational transformations are different from the so-called Weyl
local scale transformatiecns

(A.5)

3,)“-, Kx) a—p %\}Av(x} =2 _C)_"’-’a(x) %H‘\J (<)
(in infinitesimal form
X%M“" ® -2weg K

The implementation of this additicnal symmetry would require a more
complicated structure of the action. The connecticn vetween the two types of
transformations and their relevance for the flat limit is discussed for
instance in Ref. {6).
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One is immediately convinced that, as a conseguence, the Einstein
Hilbert action can be written in a full scale invariant form where no dimensional
. . (*)
parameters appear and no additional fields need to be introduced . We simply

have:
As =~ [oigR (=)

Naturally, on pure invariance grounds, additional pieces are possible such as

a cosmological term '}\\j::g, )\. dimensicnless, or terms proporticnal to

WQI' \j:-%'(?\r‘l}“v which can be discarded cn the basis of a minimality

requirement (to avoid four derivatives and ghost poles in the propagator).
Notice the essential role of the non polynomial field quantity \f—_%_'

in the matching of dimensions.

3. THE vACUUM

All this may look a little tricky and the natural question at this peint
is "where has Newton's constant gone?" Our proposal is that Newton's constant
finds i%ts natural place, not as a coupling constant in the action but in the
boundary condition which specifies the behaviour of %-)..\) L,‘) at larpe
distances. More precisely when requiring that C&»\J ix) agsymptotically behaves

LE)
like the flat solution( ),its form is taken to be

; i = (4)
?r,wk” iRk TRV L2 an Gy .

flar ;

(*)} Our approach is therefore different from the one advocated by several
authors (see talk given by A. Zee =t this Conf.)},which assumes the existence

of a new scalar field whose vacuum expectation value gives rise to Newton's
constant.

(**) of the eguation of motion =y .
&}_‘\' =

—5=

The constant reproduces at the elementary level the dimension -2 of the
field.

The essence of this point of view is that the Newton constant with Its
dimensionality does not represent a general feature of the gravitational action
but rather characterizes the particular and fundamental class of solutions to
be used in the description of phenomena at large distances. It is thus quite
clear that such a formulation is completely equivalent to the conventional one
as far as the "Newtonian! results of general relativity are concerned,
however the underlying framework is much more general and offers the possibility
of describing "non Newtonian" phencmena, not weighted by Gﬂ) .

This argument finds a meaningful and appropriate reformulatien in the
guantum language. The heart of the matter is to assume that Newton's
constant appears in the theory via the vacuum expectation value of %»\, )

namely

< oy g)ﬂ) 10> = ﬁ"?r‘“ (s)

which is the quantum version of eg. (4),

The situatien is reminiscent of the case of the linear O —model(7)(even
if analogies should not be pushed toc far!), where the starting Lagrangian has
chiral isospin  SUWA SV A SBUYas(internal) symmetry group. The vacuum
has however a lower symmetry i.e. SYRIv S0GB) and this is clearly
exhibited by the existence of a nan \;anishing vacuum expectation value of the

posonic field ‘Pd. (ot 24,2,3,4) pamely

<ol taie> = 8. (6)

The dimensional constant ?-.\ is a measure of the spontaneous breaking
of the symmetry S(}U\-).A,s is well knowrn, ‘:“ determines the leow energy behaviour
of the pion amplitudes and ¢ots in this domain as a universal coupling of piens
to any hadronic system while the role of the usual Lagrangian ccupling constants

is less important.
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In a similar way, one can say that while the gravitational action is
gerieral invariant the vacuum is not; the flat vacuum solution (%) in
particular breaks invariance under dilatations {and thus general invariance)
leaving Poincaré as symmetry subgroup. Thus the dimensional constant
which rules the large distance behaviour of the transition amplitudes for
emission and absorption ef gravitons deces not appear in the lagrangian.
Lagrangian constants,like a peossible cosmological term, do not seem to play
any important role in classical gravitation.

These considerations also maintain their validity when matter is present,

and once more only dimensionless constants have to appear in the total Lagrangian.

It is instructive to examine in a little more detail the case where amatter
field is present. This will help us to understand the aoparent clash between
the sbove value of zero dimensionality for scalar and spinor fields and the
canonical ones (-1 and - 3/2 respectivelyl.

Let us consider the simple example of a scalar field: the action is

An= S NTE3 4 g2 4+ 1) oot

and P ( -#)) is an arbitrary polynomial

CTE IR VUL WA, DA R (B.2)

where, given the dimension zero of 4} , the };'5 are pure numbers. The fact
that all these terms are allowed nay seem surprising. This is clarified 1t

one goes to the flat limit which corresponds to %’)"" = 4/1_1 "))r\’ and

An Sd&xg.':‘j_ %f*),.\.(%".:ba",ér +ﬁ?(¢)~i . (B.3)

We thus see that in order fto recover in the flat limit the familiar
kKinetic term, independent of [, , & new field has to be used

AR YES N (.4)

A more refined discussion shows that the appropriate fleld to be used
for flat space theories is actually

(%) = (—%}\lf@ Cb (x) (8.5)

a density of dimensicnality - 1.

What about the polynomial part and its flat limit? One has
boPlLd) = 22 g2 My 53 o 0%
—_ AL > 2= + 4 (B.8)
= "z R > 4R

Thus a mass terw (kl/L})va appears, of the order of the Planck mass,
together with counlings of the super-renormalizable, rencrmalizable, and un—
renormalizable types.

The connection with the usual (flat) theory of conformal invariance is
subtle and the main motivation of the wise choice(B.5) iz to achieve it . iIn
fact, it is possible to show that the energy-momentum tensor for a flat space
takes on the form

E)AA‘) = FE»*LyfakIL% - :%' VQ,AQ (?)‘&>)11+-~i;§ ’V)hq []P- :i—k¥)£?£§— (B.7)

so that

k2 (4P -y dv {B.8)
» [ a9
Conformal irvariance requires the trace M to vanish: then only the term
»
is allowed, as we are used to.

As a conclusionall masses are measured in units of the Planck mass and
are therefore related to a spountaneous breaking of dilatation.Tt is amusing to
notice that in this spirit the universal gravitation law can be written in a
form similar to the Coulomb one, i.e. in terms of dimensionless gravitational
"charges" = ;L = A ARG

P :

Uiy = - &, MWARL ke . (B.9)

4, RENCRMALIZABILITY AND SMALL DISTANCE BEPAVIOQUR
The fact that the fundamental Lagrangian is naturally scale invariant is

expected to have some impc;tant consequences. First of all, since (E}‘J
characterizes a solution rather than the full theory, different classical
solutions canexist which obey non Newtonian boundary conditions and which may
be used as background to describe phenomena occurring in different space-
time domains.

It is well known in fact that classical soluiions exist for gravitation
with a cosmological term and/or interacting with matter fields{gauge fields,
non linear ¢ -model etc.}. These solutions are nen-Newtonian in the way

explained above and bear a dependence on dimensional constants which ere

~B-




always introduced through the boundary conditicns. Such constants can be

considered as characterizing different veacus, whose relevance to & study of
*

the hadronic structure is an open matter and we shall not discuss it herein .

Secondly, but more important, one can expect that some general quantum
features of the Green functions, like the small distance behavicur or the
commutation relations, should be almost independent of 1ﬁ and substantially
be fixed by the invariance properties of the underlying action. In order to
discuss this point it is useful te recall how the presence of Newton's
constant leads, in the conventional formulation, to the non-renormalizahbility
of quantum gravity. Applying standard perturbative techniques to gravitation
is not immediate due to the non-polynomial character of the Lagrangian, which
contains the inverse operator gg*v and complicated animals like QT:TJ:}Ti;::
etc. The problem is usually tackled by separating the field %}}*\J in a

Newtonian background plus & quantum part:

%,L«U by = "i‘{ (‘Y),\v + ‘-—L\’,‘\, =) - 7

L?)A‘, is an operator of dimension -1 and the subsequent procedure
consists of an expansion in L Lﬂ?}*\J . It thne follows that the interaction
term is actually a power series in T4 : being Tq a dimensional coupling
constant, one faces all the unpleasant peculiaricies of a non-renormalizeble
theory.

In our cpinion, this is an unavoidable consequence of using, at small
distances, the expansion in‘[4 which is only suitable for a description at
large distance. Taking into account only a finite number of terms in this
expansion clearly violates the general invariance properties of the theory
(only Poincaré invariance is respected); these indeed require a non-polynomial

(8)

(*) Excellent reviews exist of classical solutions and we need not repeat them
It is however interesting that the space-time dependence of some solutions
allows one to reproduce the elementary dimension -2 of
For instance, in the case of gravitation coupled to a gauge field and
with a cosmological term N we can mention, as the simplest example, the
o«called meron solution which reads (in an Euclidean metric)

3'::") ) = E.Mu 9'/'}?' A/x"'

with XF'A + being the gauge charge.

w Without introducing C;M.

Lagrangian and such a character is preserved cnly after summing the wholi=
series. Therefore it is not surprising that the use of the above expansion
beyond its limits of wvalidity does not reproduce the correct small distance
behaviour.

This discussion alsc provides a hint about the relative importance of the
effects determined by the vacuum on cone side, and by the general invariance of
the theory on the other. The main conclusion is that the vacuum essentially
represents an infrared phenomenon: it depends on 14 {or on other constants
according to the physical situation) and is an extra information independently
added to the Lagrangian. On the contrary, the ultraviclet uehaviour will
substantially be inferred from the general properties of the underlying
Lagrangian only and, conseguently, there is no dependence {(or a soft one) of
these results on I* .{The additional problem of smoothly joining these two
aspects is completely open and an understanding of it has still to come, as
is the case in Q.C.D.;.

It ig fruitful to illustrate these considerations with some explicit
examples. The crux of the matter is represented by the use of inverse
operators and we shall firstly consider the case of a free scalar field, of
zero mass and dimension -1. We expand it around a (constant) classical back-
ground fL namely

ha = pah' ) <He> =0 (&)
and its Green function is of the form (as experts know, it is useful to work in

an Euclidean metric)

4JI I '=)-«2+ GLXr‘f)= )-\1 + A . (9)
AnUx-v) =
This simple result already sugpests that at large distances the Green
functien is given by the properties of the vacuum (the constant part) while,
at small distance, .the leading term is [(’(—\{)11-4' s, in agreement with an

elementary dimensional argument.

=10~



The interesting question arises when one wants to evaluate the two-
-4
point function of the inverse operator h (R) -

i
The simplest way to obtain it is through an expansion in h‘/}*

“VE £ (k) ot = : :
T(x=-v) %2 L) Wty D= < prWite) urh'ty) >

(10)
: .
}Al. s Is a }«1 }Al
Using the integral representation
L 0a -
m\. 2 S <« e d« (11}
3
we easily reach the already known result 9
Ly ¢
IL"—")L S < du{ . {12)
R NG )

The correct definition of tI (x-y) actually requires a further prescription
for the behaviour at the pole (it turns ocut that the principal value is the
right recipe); however, since we are interested in the small distance behavicur
this point, which would affect the spectrum properties, is not of immediate
interest to us. -

In particular as L*—#‘ﬁtJ we obtain from eq. {12) that
TO-r) O e RO (13)

Therefore, apart from the logarithmic ferm which contains a residual
dependence on the background, the ultraviolet behavicur is the one we should
have expected from a simple dimensional count. Notice however that this
result required summing the complete series in 4/;;1' : taking into account
only a finite number of terms would, on the contrary, lead to the completely

wrong. indication of a theory dramatically divergent at each order of the

-11-
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perturbation expansion. Similar results stand if more complicated cases are

considered, for instance

A RSl DR VO S UL R VIS ) L SR
e B e ]
{The logarithmic facter always appears in the first power.)

In the case of gravity the problew is,of course, far morecomplicated
and we have no complete answer concerning full renormal.zability. However the
analysis of some simple examples shows that dimensional arguments still keen
their validi+y.

Let us introduce for convenience the vierbelin fields \Jr?‘K)\) ,
k%’_}"‘t ::va:"(_x)\!v“(\m)-) of dimension -1; then the use of known integral
representations for a determinent lead to results which confirm the above point
of view, for instance

Claat V2 o) e VT )T S
(15
~ -y 214 e © p2x-vy2]
A=y~ 0
and similar.

Notice that results like (13),(14),(15) are quite general in the sense
that they depend very little upon dividing thefields inte a classical background
plus a guantum part. On the other hand, for practical purposes it seems almost
unavoidable to rely on a perturbative-like expansion of some kind. In doing so,
much care has to be taken,as the previous example shews, before inferring any
conclusion on the full theory from the behaviour of a finite number of terms
of the series; for this purpese the choice of the initial separation of the
field plays a crucial role.

Indeed the usual representation {the analogue of eq. (7))

a y)
\’r“ Y2 ':Sf"‘“" + \J‘rq (=) (16)

Y-



is a good starting point only in the infrared domain while at small distances
the expansion in L leads to the well-known difficulties.

Considering this, this fact is not that surprising since the separation
(16} is Poincaré invariant but not scale invariant (the two pieces transform
differently) and cannot, therefore, verify arguments based on dilatastions. In
order to investigate the ultraviolet regime a conformal and scale invariant

(10}

decomposition is more suitable. A possibility 1s to write

LY S
\Jﬂ )= & \'l(x)ﬁ- \})' (x) - (17)
R , .
where th) ' V/"‘ (,g) are both operators of dimension -1, and to
expand in _\7/.\” an object of dimension zero., Its two-point function

behaves logarithmically and does not substantielly influence the theory at

small distances:

<§:w/hm 'C:U)/hu)> ~ "\“g.‘}*z(x'”q -ue

X-Y—=>c

More precisely,the interaction Lagrangian turns out to be of the form

« Gy T MV &y Y
34 > %ﬁ"v\h\%ﬂlv\’;z t- }-«\\‘1_0\1. QV/h) . (o)
The function F (;/L,) can be expressed as a series in ://h
3o that é‘ has dimension -4 in any order and should not behave differently
from a renormalizable model, apart from first order logarithmic terms like in
{18}.
The model is highly heuristic, with some internal difficulties L‘n(x)
is a ghost)just toe mention one),however it has the good quality of concretely
illustrating a possible hint towards the solution of the renormalizability

problem of quantum gravity.

_13..

5, CONCLUSIONS

Let us summarize the main points of our approach. These are
a) to ascribe the correct dimensionality to the field cé‘}*\' {or \/‘:\ (X} e
this looks quite natural .

b} to interpret Newton' s constant as a vacuum effect:this requires distinguishing
between boundary conditions and fundamental laws, as we are getting accustomed

to in particle physics.

¢} to treat inverse coperators, a problem which has already attracted some
attention for effective chiral Lagrangiané*).

As a follow up of all this we expect that at small distances the Green
functions of quantum gravity are substantially of a powe. form " with the
exponent determined by purely dimensionel arguments: gravitation should not
behave differently from & rencormalizable theory. Perhaps we may be able to
paranhrage .‘nleman "The divergence structure of a i1eld theory resnects the
symmetry of the Lagrangian even if the vacuum does not"(ll).

The statement by Coleman of course refers to renormalizable polynomisi
cheories with internal symmetries but it is an extremely interesting problem
-3 ascertain whether similar considerations apply to the non-nelynomial case
ith space-time symme:ries.

In this spiritweshould like to conclude by saying That the problem of
renormalizing quantum gravity is, in our opinion,still open and that the same

soint can be made about the importaence of cquantum gravitational effects at

very high energies.

(*) It is guite interesting tha: all these features arise naturzlly in the
model of %‘I“u as a composita field recently proposed by Amati and Veneziano = .

(**) Apart from logarithmic terms.
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open metric,

IC/81/222 J.C. PATI, ABDUS SALAM and J, STRATHDEE - Preons and supersymmetry
INT.REP.* (To honour Francis Low's sixtieth birthday).

Ic/81/223  ABDUS SALAM - Developments in fundamental physics.
INT,.REP,*

IC/81/22h  H.R. KARADAYT - Anstomy of grend unifying groups - II.

Ic/B1/225 S.K. SHARMA, V. POTBHARE and V.K.B. KOTA

~ The Yrast bands in light
nuclei and the effective interactions in J =

0,2 states.

IC/81/226  CAD CHANG-qi and DING XING-fu - A Higgsless model with
SU(h)EC x SU(E)L x Ul1l) as intermediaste symmetry.

IC/81/227 CAC CHANG-gqi and DING XING-fu - SU(6) mcdel with heavy t-quark,

IC/81/228 ELTAS DEEBA - On the existence of bounded solutions of integral equetions
INT.REF.* with infinite delay.

IC/81/229 M.A. ALVI and I, AHMAD - Elastic a-hOCa scattering at 104 MeV and the
Glauber multiple secattering model.

IC/B1/230 I. AHMAD nad J.P. AUGER - Medium energy inelastic proton-nucleus
scattering with spin dependent NN interaction.

Ic/81/231 S8, SELZER and N. MAJLIS - Theory of the surface magnetization profile
INT.REP.* and the low-energy, spin-polarized, inelastic electron scattering off
ingulating ferromagnets at finite T.

1¢/81/232 5. TANGMANEE = A finite element method for first order hyperbolic
INT.REP.* syatems.

IC/81/233 S. TANGMANEE - Symmetric positive differential equations and first
INT.RER.* ° order hyperbolic systems.

IC/81/23% F., CARSTOIU, O. DUMITRESCU and L. FONDA - Semiclassical description of
coherent rotational states with inclusion of nuclear interactions.

IC/B1/235 LI XUNJING - Vector-valued measure and the necessary conditions for
INT.REP.* the optimal control problems of linear systems.

IC/81/236 Th.M, EL-SHERBINI - Lifetimes for radiative transitions in krypton
INT,REF,* and xenon ion lasers.

Ic/81/237 A.X, POGREBKOV and N.C. POLIVANOV - Fields and partiecles in classical
. non=-linear models.

I1c/81/238 W. NAHM — Multimonopoles in the ADHM construction.

Ic/81/239 5.K. KHOSA, P.N. TRIPATHI and 5,K. SHARMA - Microscople description of
the onset of large deformations in the zirconium region.

1c/B1/240 F. CARSTOIU and O. DUMITRESCU - On the Paull corrections in the sub~
Coulomb transfer reacticns.

10/81/2k1 R,®, MICPA - Groups of transformations in Finslerian spaces.

INT.REIP.* ‘{7



et B B



